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It is the purpose of this note to give lower bounds for the characteristic 
value, h, in a certain differential inequality. The novelty is that the differential 
operator is not formally self-adjoint, the conditions on the coefficients are 
very weak, and corners are allowed in the comparison function, V. The method 
generalizes to problems involving degenerate elliptic operators in n dimen- 
sions, though details are not given here. 
Throughout this note (a, b) denotes a finite or infinite open interval of the 
real line, the independent variable is X, and f, g, h, u, o, y are functions of X, 
with h 3 0. For a class of functions u to be specified later an operator T is 
defined by 
Tu=f-g;-h$. (1) 
This operator is associated with the characteristic-value problem 
hu" + gu' + (A -f)u > 0, (2) 
where h is constant. 
We say that a condition holds “mod E” (for enumerable) if it holds in some 
specified set, except perhaps at the points of a countable subset. A function u 
is admissible if u is continuous in (a, b), u” exists in (a, b) mod E, and, in the 
countable subset where u’ might not exist, we have u’(x -) 3 u’(x +). The 
latter condition could be weakened by use of Dini derivates, though this is 
not done here. However, the condition cannot be dropped, as is shown by 
consideration of the simple case y” + y = 0. 
We say that u is a nontrivial solution of the inequality Tu < h if u is admis- 
sible, u > 0 at some point, and Tu < h holds mod E at all points of (a, b) 
where u > 0. In these circumstances we also say that u is a nontrivial solution 
of (2). This convention allows (2) to fail at points where u < 0, but as a 
result our assertions are stronger than they would be if we required (2) to 
hold everywhere. 
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A comparison function is a positive function v such that - v is admissible 
and such that the function w = u/v satisfies 
sup w(x) > ;:nf+ w(x), sup w(x) > ;ibc W@). 
Equation (3) is assured by suitable boundary conditions. For example the 
three conditions 
would ordinarily entail the following conditions for v: 
no condition, liz$f v > 0, 1iEjrf U(X) = cc. 
Similar pairs of conditions can be given at b, and others can be stated which 
involve the derivatives rather than the values. For example, one could have 
lirnfirf u’(x) < 0, 1irnfEf v’(x) > 0. 
In every case the purpose is to rule out a positive end-point maximum for 
u/v as sole maximum. 
The set of regularity, R, is the set of points of (a, b) at which u > 0, U” 
exists, v” exists, and the differential inequality Tu < X actually holds. Points 
where u > 0 but one of the other conditions fails are called singularities. 
Our basic assumption is that the set of singularities is countable. 
We shall establish: 
REMARK 1. With T as described, let u be a nontrivial solution of Tu < h 
and let v be a comparison fumtion. Suppose there exists a da&mtiable function y 
such that all of its zeros aye in R and such that y2h and y(gv + 2hv’) + y’hw 
are bounded above in the intersection of R with any compact subset of (u, b). Then 
X > inf TV. 
XER 
Since the one-sided bound for y(gv + 2hv’) + y’hv is required only in 
compact subintervals, and not for x -+ a + or x + b -, it is verified auto- 
matically in practically every case of interest. However we can allowgv + 2hv’ 
to take alternating values + co and - co, provided the alternations are 
separated by open intervals on which 1 go + 2hv’ 1 is bounded. This is 
true because changes of sign of y can occur in these intervals without making 
y = 0 at a singularity. 
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For proof define U = log u in the set where u > 0, and V = log v. The 
hypothesis shows that there is a compact subinterval [a, /I] of (a, b) in which 
the function U - V assumes a maximum, and the maximum actually exceeds 
the boundary values. Hence the same applies to 
U - V - E 
i 
y(x) dx 
when 1 E 1 is small. At the maximum it is easily seen that u’ and v’ exist, since 
u and - v are admissible, and hence 
U’ - V’ = ey. 
Since the set of singularities is countable, while the set of possible choices 
of E is not, we can choose E so that the maximum occurs in R. Thus, 
U” - v” < l y‘. 
At this point the hypothesis Tu < h gives 
h >f -gU’ - h[U” + (U’)2] > TV - ey(g + 2hV’) - l h(y’ + my”) 
and the conclusion follows when E + 0. 
Conditions for strict inequality are obtained similarly. For example, the 
choice y = ekz shows that h > inf TV if 
g <0 when h =0 modE, and sup (a+2$)<co, 
where the sup is over the points of R in [a, 81 where h(x) > 0. Another 
condition can be given with inequalities reversed. Since g < 0 is needed 
only mod E, this requirement can be dropped if the set of zeros of h is 
countable. Thus we obtain: 
REMARK 2. Let u be a nontrivial solution of Tu < h and let v be a compari- 
sm function. Suppose h > 0 mod E and suppose 
is bounded from one side mod E in each compact subinterval of (a, b). Then 
